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ABSTRACT
It is shown that the spaces of homogeneous polynomials on the complex 2-ball
are uniformly isomorphic to /®-spaces. The argument is based on explicit
constructions and the decomposition method. A new construction is given of
bases in the space 4y of monomials 1, z, 22, ...,z"~! on the disc (due to
Bochkarev (Boc]). Also using decomposition methods, the existence of a base
in the ball algebra is obtained.

1. Introduction

Denote B,={(z, w)EC2| |z|*+ |[w|*£ 1} the complex ball and S,=
(LEB,| 1{1=({, ()= 1}. Let o denote the invariant measure on S,. For
N=1,2,...,consider the space

Wy=[z*w"*|0=k =N]

of homogeneous polynomials of degree N. The orthogonal projection on Wy is
given by

§ L, n)Naldn)
1.1 PN = .
(D ) §Im 1*¥a(dn)

Under parametrization z = \//; e w=/1—pe™ 0=p=1, 00,
w=1), do =dpdfdy (cf. [Ru]). The operators Py have the remarkable
property of being uniformly bounded on L'(S,) and L=(S,). Indeed
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.“ n Mo (dn)
1.2 Pyl =+———~
(12 I v §lm™a(dn)

This fact was observed in [R-W]. The result remains valid in general
(d variables) but the discussion in this paper is limited to the case d = 2. Our
purpose is to give an affirmative solution to the problem considered in [R-W],
namely the validity of a uniform distance estimate

(1.3) AWy, li) =c.

Here W5 stands for the space W, equipped with uniform norm (i.e. as
subspace of L*(S,)) and d(-,-) is the usual Banach-Mazur distance between
(finite dimensional) normed spaces.

The spaces W3¢ are P;-spaces for 4 = 2, i.e. they appear as complemented
subspaces of L with projection constant =< 4. It is an open problem whether
there is a function ¢(4) such that

whenever X is a finite dimensional P;-space [Rut].

The correctness of (1.4) was verified by M. Zippin [Z] in the “almost-
isometric” case, i.e. for A < 1 + ¢ (¢ = absolute). Moreover lim; ., ¢(4) = 1.

Essentially speaking, the spaces W (and their several variable analogues)
are the only known examples of non-trivial P,’s. During recent years, there has
been a certain effort expended to understand their structure. D. Kazhdan {K]
expressed doubts about the existence of irreducible representations of the
unitary group on /®-spaces. This and observations made in [R-W] made the
homogeneous polynomial spaces natural candidates for a counterexample to
the “finite-dimensional” P,-problem. In this paper I will disprove this belief by
showing

THEOREM. There is an absolute constant C (independent of N) such that
dwg, lg.)=C.

I do not intend to investigate the case of several variables here. The previous
result is of interest for various reasons. From a classical analysis point of view,
it elucidates the nature of a rather important function space, while its meaning
to Banach space theory is the support to a well-known conjecture. The proof of
the theorem will not provide an explicit /*-basis. The argument used a version
of the “finite decomposition method” in the spirit of [B-D-G-J-N] or [J-S]
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for instance. The drawback of this method is that the isomorphism is not
explicit.

The first step in the proof is the replacement of W3 by a “weighted norm”
space on the linear span of characters

1 eZm’G leu’NG
s e esy .

This alternative description was pointed out in [R-W] and has been used in
[B,]. As I observed recently, it is possible to prove directly the P;-property
from this alternative description, ignoring the origin of the space. In fact, the
space on characters appears as a member of a larger class of P;-spaces all of
which, eventually, turn out to be /®-spaces.

As mentioned above, the isomorphism with /* is shown by means of a finite
dimension decomposition method. In my original approach, I used the work of
S. V. Bochkarev [Boc] on bases in the space 4, = [¢?™ |0 < k < n), i.e. the
linear span of the first # characters on the circle I1 equipped with the uniform
norm. Piecing together the spaces associated to the Bochkarev basis over a
decomposition of the interval [0, 1,..., N] in certain subintervals corre-
sponding to the weighted norm description of W3 (each of the subintervals is
identified with A4, for appropriate n) leads to a monotone system of
P,-subspaces of Wg. Here A is some uniform constant. These intermediate
spaces are the basic ingredient when using the decomposition method.

It is of importance for our purpose to have a good understanding of the
Lebesgue functions associated to the Bochkarev basis. Their behaviour may be
figured out from the construction but is not explicitly stated in [Boc]. Sub-
sequently, I came up with an alternative construction of a basis in 4,, mainly
motivated by the need for using it in the context of W5 . For this basis, the
Lebesgue functions are almost immediate and are essentially multipliers. This
basis is explicit and particularly simple to describe. It also presents the other
features of the Bochkarev basis (unconditionality in L', etc.). They are
however irrelevant for our purpose here. Throughout the paper, ¢ will denote
constants.

2. Equivalent description of the norm

The description used here is formally different from the one pointed out in
[R-W] (in our discussion, equivalence means up to a constant). If f=
So<k =<y &z*w¥ ¥, then using the above parametrization,
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N
2.1) I lle=sy = sup |Z ap**(1 = p)N~112e2i|
0

0sp=1

0s6=1

The expression p*¥*(1 — p)¥ 2 will be largest for p = k/N and one verifies
that

kaZ( 1 _ p)(N — k)2

(k>k12<N — k)(N—k)/z ({ (Np — k)Z }
<{— _ €Xpq — € — .
N, N min(Np + k, N2 —p) — k)

Observe in particular that for given p, p ~ ky/N, 0 = ko = N/2 say,

kK2(N — k\ N —ky2
PRA(1 — p)W —k2 (.’f) (.A_’___k) for |k — ko| ~ kg™

(2.2)

N N
Consider the diagonal operator between Wy and [1, e*®, . . ., ¢¥™"] given by
K\K2(N — J\W-ky2
2.3 Df=Yal|—=} (—— emiks
@3 y=2 k(N) ( N )

From (2.2) and elementary considerations (cf. [B,]), it turns out that

(2.4) I f o=y~ 1| Df I

where || g |l =sup| g *K ||, the supremum being taken over “admissible”
K. A kernel K is called admissible, provided

M= 1Klpm=1,
(2.5) supp K C [a, b] C [0, N]
where
(2.6) b—a =min(a"? (N —b)"») + 1.
Thus D gives an isomorphism between W and [1, . . ., e¥"")], (the constants

involved are of course independent of N). Define

X=Xy=[1,e¥,. . ., "],
The theorem stated in the introduction may then be reformulated as
(2.7 d( Xy, 7)) <c.

Observe that if {K,} is chosen such that
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(2.8) K, is admissible for each o,

(2.9) YK,=1 on[0,N],

(2.10) supp K, have bounded overlap,
(2.11) #{a|suppK, N [a,b]# B} <c,

for any interval [a, b] satisfying (2.6), then one already has

(2.12) g Ns~sup || g*K, |-

A system of such K, is easily constructed, letting K, be triangular based on
suitable intervals

M\ ] .

¥ ;
¥ Y L4 1

0 N/2 N

(Each K, is the product of a Fé¢jér-kernel and some character.) Our next
purpose is to show directly from the definition of X, the P,-property. This
argument will be of importance later on. It will also show that there are many
variants of (2.6) when defining the admissible kernels, leading to different
norms on [1, 2, . .., 2] and P,-spaces.

LEMMA 2.13. Consider V where V is given by
V=10onl0,n],
V =0outside[—m+1,n +m — 1],
V piecewise linear (trapezoidal),

and denote forj=0,1,...,n+m —1

Vj(0)=V(0— J )

n+m
Then, assuming m <n,

(2.14) e*™™ belongs to [V;] for0=k =n
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and also

(2.15) V,(#n—) —(n +m)3, .

ProoF. To see (2.14), write for 0=k =n

1 n+m-—1

(2 16) eZm‘kO —

e 2nikjl(n +m) Vj .
n+m o

To get (2.15), write
V< J )ziehijk/(n+m)+ —21 ﬂ_ke
n+m

0 -m+1 M

2zijki(n +m)

n+m-—1 —
+ Z m+n k e2m'jk/(n+m)

n+1 m
and put in the second sum k' =k + m + n.

LEMMA 2.17. Under the hypothesis of Lemma 2.13

2

n+m-—1 n
=c—max|g].
m

Y a4
0

(2.18)

PrROOF. Use the decay estimate | V;(x)| = cn[l + m?sin® mx] .

Choosing some m < n, m ~ n, it follows from Lemmas 2.13 and 2.17 that
[V;]0=j<n+m]is an [Z,, isomorph (the basis vectors are given by
(1/(n + m))V;) containing [1, . . ., €*™*°]. Moreover

[V1C [ | —m <k <n+m]

We now return to the space Xy. Let {K,} be an admissible system satisfying
(2.8), (2.9), (2.10), (2.11) and denote I, = [a,, b,] = supp K,. Thus b, — a, ~
min(a?, (N — b,)"2). By the previous discussion, [¢2* | k € I,] is contained in
aspace S,, S, C [e?* | k€[] and d(S,, [, s.) < c. Here [, is the interval with
the same center as I,, || =2|I,| and the norm on S, is the uniform norm
(clearly equivalent to the || ||,-norm). Denote “@” the direct sum in /-
sense, I, : [e*™*0 | kel)—S, and j, : S, — X the formal inclusion maps. Since,
by (2.9), f = Z(f+K,) for fEX, themaps T, ; X =D, S,, T : S, — X given by

T\f=(f*K,) and T{&})=2&

have a composition 7,7, = Idy. The boundedness of T is obvious while the
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boundedness of T, follows from the fact that if K is admissible, then supp K
only intersects a bounded number of intervals I, (hence K acts only on a
bounded number of g,’s). This factorization proves the P,-property of X.

REMARK. The dimension of the / ”-space@a S, containing X is of the order
of N. In fact, one may obtain embedding in [f, .y, for any € > 0. This follows
from the previous argument and has been observed earlier by B. Kashin. We
will use the previous procedure later, applied to certain (P, )-subspaces Y of X,
and it will be of importance to get the /®-superspace of dimension pro-
portional to dim Y. This property will be immediate from the description of
these subspaces.

3. Construction of a polynomial basis

Consider the space [1, e**?, . . ., ] and assume # of the form 3-27 (this
hypothesis will not be a prqblem later on).
Let ¥, be the polynomial with trapezoidal Fourier transform

V(29 =1

291 24 2q+l 24+1+20‘1

=T
S
i L
W
S

and denote B, the linear span of the functions V(0 —;j/3277"), where
0=j <3277, Clearly, as in the previous section, these functions form an

[*-basis (up to normalization). Moreover
By=[e™*(29 <k <29*");
(31) (k2—q+l _ l)eZm‘k{) + (2 _ k2—q+l)eZ7u‘(k+32"‘)(2q—1 =< k =< 2‘1)]

Next, consider V; with Fourier transform

Vl(zq_l) = 1
Vin—2"=—1

-/]\L 2a+1 2041 4 9¢-1 29+1 4 394-2
0 202 2071 2 \1/ "
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and denote B, the linear span of the functions V,(# —j/3-2972) where
0=<j<3.2972 If W, is the function with Fourier-transform

0 2¢-2 24¢-1 24 Qatl n

one clearly has

3.2) sup
8

YaV, (0—

J
2w (0_3-24-2)

~ sup
[}

J
3.29°2

The advantage of W, on V, is that now for 0 =, j’ <3.297%

J = -
(3.3) W, (3.211_2) =3.207%,
showing that the functions W,(8 —j/3-297%), hence V(6 —j/3-297%)
(0=<j<3-277?) are equivalent with the /®-basis, up to normalization
(the upper estimate is obtained as in (2.14)). Thus again B, = /{-2. To see
(3.3), write

(3.4) W)= ¥ (k292 — )p2nik®
bARSI T A
3.5) + Y (Q2—k.2met)prni
272k <2?
(3.6) + > (k-2-9+1 — 4)emik?
PIARPS DY IALES Lt
3.7 + ¥ (11 — k-2 -9+2)p2nikd,

291429 g <29t 43,2972

Evaluate at 8 = (j’ —j)¥/3-29"2and replace in (3.6) kby k — 3:2" 1, in(3.7) k
by k —3.297!' —3.2972, One gets

2 (k,z—q+2_ l)ezm'ka + 2 (2_k,2—q+1)e2niko

27 k520! 297 <k 520
+ 2 (k-2‘“+‘— l)eZnik0+ Z (z_k,z—q+2)62nik0
297 <k <2? 2725k <2!
— E o2miko
297 =k <2f

clearly implying (3.3).
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Further, it is easily checked that

By =[(2— k279 ")etmk — (k.2=9+! — [)euilk+3: 2708201 < < 29);
(3:8) (k-279%2 — 1)k — (2 — k.2 79+ )k 52N (9a"2 < | < 2971,
Hence
3.9 B, 1L B,
and

By+ B =[e™(2 " <k <n—27"),

(3.10) (k27972 — 1)enkb

— (2 —k ,2—q+2)e2ni(k+9-2¢‘1)0(2q—2 = k =< 2q—1)]_

To introduce the space B,, define V, with Fourier transform

R ™~

0 2¢-3 2¢-2 2¢-1 n—24-1 n

and let B, be the space generated by the translates Vy(8 —j/3:2973),0=<j <
3.2973 These translations satisfy

J—J -
(3.11) v, (3‘2‘1_3):3.24 35,

and hence form, up to normalization, an /*-basis. Also
B2 — [(2 —-k.2 —q+2)eZm'k0 + (k .2 —q+2 _ l)eZni(k+9-2¢—1)(2q—2 <k< 2q-l).’
(312) (k . 2 —-q+3 _ l)ezmke + (2 . k 2 —q+3)e2m'(lc+21~2¢'3)(zq—3 é k § 24—2)].
Hence B, L By, B, and
Bo + Bl + Bz = [ez”ike(.?"_z < k <n-— 2q—2);
(3.13) (k-279+3 — 1)emiké

+ (2 — k ,2 —q+3)e2m'(k+21~2'-3)(2q—3 é k __<: 24_2)].
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The continuation of this process is by now clear. According to the parity of s,
the function ¥ satisfies

V(29 5)=1=V,(n—297) for s even,
V(2¢%)=1=—V(n—29") forsodd.
Further
(3.14) [1,e*,..., e =B, +B,+ -+ +B,_+ B,
where
(3.15) d(B;, [§ns)<c

(B, is generated by 1, ¥, 2= 10 o2tiné) Also
Bo+ -+ +B,
=[e*™¥(29 S <k <n—297%);
AT
+(— 1) Q2— k.27 9Fst)ptmitk+n=327"00(9q=s=1 < | < 24-9)]

and the Lebesgue function K,(6, y) corresponding to the orthogonal projection
on By+ - -« + B equals

Ks(0> W) = As(e - V/)

(317) + I“s(e _ W)[eZni(n—}zv-’-')o + e—2m‘(n—3~2¢-=—')w]

where
(k-279%s4V — 1)Y(k-279%s+! —1)?
+(Q2—k-270ts )Tl 20 < k<047,
1, 207 <k<n—20%,
Ak){((n — k2ot — 12
X[((n —ky2-as*t —1)?
+@2—(n—k27oh, n—21<k=n-20"7,

L0, elsewhere,
(3.18)

and
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(_l)s(k.2—4+s+l_1)(2_k.2—q+s+l)
k)= 1 X[k-279+ = 1)+ Q= k-279r+h =1 jf20s 1<k <2075,

0 elsewhere.
(3.19)

The reader will easily verify that
(3.20) 1T <ec,
and A (k) =1 — Al(k) for 0 = k < n, A/ satisfying also

(3.21) | A <c.

It follows from this discussion that, for fE€[], ..., e>*],
1

(3.22) | fwr6, way| =<1 1)..

The union of the /®-basis in the consecutive B,-spaces thus yields a basis for
A, =11,...,e¥™"%)_, with bounded basis constant.
4. Finite decompositions

One of the ingredients in proving the isomorphism is the following abstract
lemma:

LeMMmA 4.1. Let X be a finite dimensional normed space and assume
@.1) X=X2X,2X,D---DX,_, DX ={0)

a decreasing sequence of subspaces of X, such that the following conditions
are fulfilled:

4.2) dim X, =d,  with d, exponentially decreasing,
(43) Xs =Xs+l®ld°?—d,ﬂ9
4.4 I =X, ®C, withN,~d,.

Then d(X, I7) is bounded.

CoMMENTS. The symbol =~ refers to isomorphism up to some bound. The
final estimate on d(X, /) is only dependent on this bound. Condition (4.4)
means that X, is a P;-space, A < C, and may be embedded in /* of proportional
dimension.
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ProoOF OF (4.1). Fix a sufficiently large index s, which will be specified
later, Write, denoting again by & direct sums in /* sense,
(%, ®1f -0, )OU,, O, -4,)0 - OU_ Bl )
=X, BCDIF -0, ) DXt DC BIF - ,.)
D---OX_,DC_,DIF) (using 4.4)
= X;D@(Cso@lfo_d,w O X1 VD (Copiy @[rfm. —dyys2 D X,+2)
.- B DIF)
~ X, D, DX)D(Copr B X1 )D -+ - B(C,- D X,_))  (using4.3)
=X, ®F5,D--- Bl (using 4.4 again).
Hence, the conclusion is that
(4.5) FSPUNIVINUIESD oL ./ S
Iterating (4.3), also
X=X,®l5_,

= X2®l§§—dz
(4.6) :

=~ Xso®l§§—d,0

(the isomorphism constant depends on s,, which anyway is a bounded number
depending on the exponential decay of d; and the ratio N,/d,). Choosing indeed
S such that

4.7) dy—d,ZN,+ -+ +N,_y,
then, by (4.5) and (4.6),

® oG — [
X= lN,o+ o+ Nyt © ldo—d,o—N,o— N =L

proving the lemma.

5. Construction of subspaces

Consider again the space X =[1, e*® ..., ¢?™N],. Our purpose is to intro-
duce a sequence of subspaces of X satisfying the conditions of Lemma 4.1.
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Consider a partition of the interval [0, N] in disjoint consecutive intervals
I, =|a,, b,] such that

(5.1) b,—a,=23-2%~min(al?, (N — b,)'"?).

Fix o and identify [e?® | a, < k =< b,] with 4. The construction of Section 3
gives a decomposition

(5.2) [ |kE€l]=Bs+B; + -+ - + B:.

Define the following subspaces of X:
X, =[B?|2=r =g,, a arbitrary],

X,=[B* |3 =r=gq,, aarbitrary],
(5.3) :
X, =[B|s +1=r=gq,, aarbitrary],

of exponentially decreasing dimension and terminating with the null space. (If
g. = s, then [e¥*® | k €1,] does not contribute to X;.) Define P, as the orthogo-
nal projection from X onto X;. Thus

(5.4) P= % (R.—0Q)

where

(5.5) R.f= 3 fik)e s,
kEI,

(5.6) Q., = orthogonal projection on Bf + - - - + B¢ in [e*™** |ker).

The Q,,-projections have been described in detail in Section 3.

6. End of the proof

We verify the conditions of Lemma 4.1.
Let A, (resp. I, ) be given by (3.18) (resp. 3.19), for ¢ = g,. Then

P A6)=
6.1) ¥y ¥Ya- [\a‘s(k _ da))f(k)ez"”‘"
a,g.>$ k€I,
(62) — Z 2 ra,s(k — aa)f(k)eZRi(k+3~2¢a(l—2—:—1))0
%g.>s k
63) = 3 DLl b,+ 3.2 et s,

ag.>s k
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By (3.20), the individual a-terms in (6.2) and (6.3) are given by bounded
operators on L=(IT) and on X. By construction of the partition {/,} of [0, N],
admissible kernels only act on a bounded number of terms. Hence (6.2) and
(6.3) give bounded operators on X.

Consider now (6.1). The individual a-terms are not well-bounded operators
on L>(IT) but their sum is a bounded operator on X. The operator is indeed
given by a multiplier with following shape:

P 1] 1S R ER WAV

N

as the reader will easily verify from (3.18). Observe that the multiplier is
supported by 2 ~*| I, | -size neighborhoods of the endpoints of the I,-intervals.
Admissible kernels only interfere with a bounded number of “clocks”, each of
them defining a bounded operator on L>(I1) and on X. Hence (6.1) also is
bounded on X.

It follows from this discussion that P, is bounded for the || |j,-norm on X
and hence the X, are 2,-spaces for some bounded A. It also follows from the
definition of X, that

X, C ¥ |a,<k Sa,+27%|I,| or
(6.5) b.,—27%|I,| £k £b,, for some a].
The procedure discussed at the end of Section 2 therefore permits one to
embed X in /§, where N; ~2°N ~dim X.
At this point, conditions (4.2) and (4.4) are checked.
It remains to identify the orthogonal complement of X,,, in X,. By
construction

(6.6) Xx=Xs+l+< + B§’+1)-

«Gq o>

The individual B2, -spaces are uniformly isomorphic to /* for the L* and
| |l4-norm. Again admissible kernels only interfere with a bounded number
of these spaces. Hence, if £, € By, |,

(6.7 H ¢

= cmax || & ..
A a




Vol. 68, 1989 HOMOGENEOUS POLYNOMIALS 341

It remains to show the converse inequality. This is very easy, remembering the
construction of the B, spaces in Section 3. It follows that

(6.8) Bz, C[e¥™ |20s-2< k — g, <2%75;20475"2 < b —k < 2%,

Hence, for given «, there is a function G, such that

(6.9) G, is a sum of 2 admissible kernels,
(6.10) ExG,=¢ forée€eBr,,,
(6.11) ExG,=0 forlE€EB%,, o +#a.

(6.11) just follows by letting supp G, C I,.
Hence (6.7) is an equivalence and@, e, , is an /®-space. Thus (4.3) holds
and the hypothesis of the lemma is fulfilled. This concludes the proof of (1.3).

Appendix. Existence of a basis in the ball algebra

The purpose of what follows is to give an affirmative answer to the question
considered in [Pel] (p. 68) on the existence of a basis in A(B;), the algebra of
bounded analytic functions on B, with continuous boundary values. For
simplicity, we consider the case d = 2, but the argument easily generalizes. It is
an existence proof, rather than an explicit construction. The method is based
on simple Banach space techniques and some ideas to built projections,
inspired by Section 3. We also use Wojtaszczyk’s result that A =A(B,) is
isomorphic to its ¢,-direct sum, hence

0)) A=A®c,
(see [Woj)).
Only few (and easy) facts from function theory will be of relevance here.

LEMMA 2. Let A be a Banach space satisfying (1) and having an increasing
sequence B; of well-complemented finite dimensional subspaces, generating A,
such that the projections commute and

where the C; are P;-spaces for some fixed A (i.e. A has an FDD consisting of
P;-spaces). Then A has a basis.

Proor. Since the C; are P,-spaces for bounded A, one may write

@ Iz = @D,
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for some increasing sequence of integers N, (such that C; may be imbedded in
the corresponding /*-space). Thus

J
(5) Ej+IEBj+1® ? D,

is an increasing sequence of well-complemented subspaces of F=
AD @LZ, D,, with commuting projections generating E, and with difference
spaces the spaces /3, i.e. by (3), (4)

In the definition of E, the direct sum of the D,-spaces is taken in c,-sense.
Hence

(7 ® b=,

It is obvious from the preceding that the space E has a basis. Since, by (1),
A=A®c,=E,sodoes 4.

Denote again W, = [z/w"~/ | 0 <j < n] the spaces of homogeneous poly-
nomials and P, the orthogonal projection on W, given by the formula (cf. 1.2)

_ [ fon¢ ¢, m)"a(dn)
§1ni 1o (dn) .

LEMMA 9. (1) If(4,) is a bounded multiplier on the disc-algebra, i.e.

®) P.f

x .
2 a, e2mn0
0

o

Zl a eZm‘m‘)
ntn

0

(10) sup

0=6=1

=C sup

0=6=1

2

then T A, P, defines a bounded operator on A(B,).
(2) Assume A = (4,) fulfils (10) and A, = 0 outside the interval [N, 2N] (N is
arbitrary). Then T A, P, acts boundedly on L*(S,).

ProoF. (1) is well-known (see [Ru]) and follows from a transference
argument. To get (2), one has to verify that

w o

hence

a(dn) < C'(C),

2N
Y An(n + 1)nf
N
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N
(12) ff 3 A, (n + 1)pe¥) dpdf < C.
N
The left member of (12) is clearly bounded by
N
CprN/Z{ me/ZAmﬂvehimG }dp
0 L'(d6)
éC- sup ‘} i p|m|/2e2nim9 <C
0<p<l Il == L'd0)

since (4, »)mez 18 by hypothesis also a bounded multiplier on L'(n).

The next fact belongs to geometry of Banach spaces (see [T-J] for more
details on these matters based on theory of absolutely summing operators).

LEMMA 13. Let X be an n-dimensional subspace of L=, i: X —L> the
inclusion map and T: L* — X a bounded linear operator, i.e. |T || <C.If
Trace(Ti)~n, i.e. Trace(Ti)> cn where ¢ >0 is thought of as a given con-
stant, then X contains an [Z-isomorph for m ~n, i.e. there are vectors
e, ...,ey,in Xsatisfying

(14) C 'max|a,| = = Cmax|a,|.

m
Y are
1

Considering Wy + Wy, + - - - + W,y = X as subspace of L*(S,), thus
(15) dim X ~ N?,

and applying (9.2), taking for (4,)y<, <2y @ multiplier with usual trapezoidal
shape, yields the following consequence of Lemma 13:

LEMMA 16. The spaces Wy + - -+ + Wy, considered as subspaces of
A(B,), contain [*-isomorphs of dimension ~ N2,

The following lemma is a simple and straightforward approximation of
Poisson integrals by averages over a partition of S, constructed from suitable-
size balls for the non-isotropic metric (cf. [Ru]). The details of the argument
are left to the reader.

LEMMA 17. For each space Wy+ W, + - -« + Wy there is a subspace Y of
L*(S,), dim Y = D ~ N2, Y isometric to I3 and such that any function f in
Wo+ « -+ + Wyof || f |l = 1 has an approximation by some ¢ €Y in the sense
that
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(18) | f= @ l=sy<107L

LEMMA 19. In the situation of Lemma 17, one may get an I3-isomorph Z
contained in L*(S,) and actually containing W =Wy + W+ « -« + Wy

Proor. The restriction j to W of a projection p, || p || = 1, from L*(S)
onto Y is an isomorphism onto a subspace W’ of Y. Let u: Y — L*(S) be an
extension of the inverse j~!: W’— W. Define Z as image of u + T(Id — pu),
where T is a suitable isomorphism from L>*(S) into itself.

We now formulate the main lemma:

LeMMA 20. For each N, there is a subspace By of Wo+ <+« + We.y
containing Wy + « -+ + Wy and uniformly complemented in A = A(B,) by a
projection Q satisfying Wy + - - - + Wy C Ker(I — Q*). Here C is some integer
constant.

From this, the proof on the existence of a basis in 4 is easily concluded. Let
A be piecewise linear on Z, such that

M=1 ifn=C-N,
M =0 ifn>2C-N.

Let Oy be defined by Oy = Qpe(Z A™P,). Then Qy is still a bounded projection
on By and the difference operators Q..y — Qy are bounded on L*(S), as the
reader will easily check, invoking Lemma 9.2. Thus the spaces B/ = B have
difference spaces which are P,, for some constant 4, and are complemented by
commuting projections. It remains to apply Lemma 2.

We first reduce Lemma 20 to proving

LEMMA 21. Foreach N, there is a subspace Vy of the direct sum A @ [z,
Vy containing Wo+ - -« + Wy and contained in (Wy+ - -+ + Wy )®DIg
and Vy well-complemented in ADIE,. by a projection T such that
Wy+ -+ + Wy CKer(I —T*). Here C stands again for some numerical
constant.

Lemma 20 may then be derived from Lemmas 16 and 21. Let 4 be piecewise
linearon Z, .

U, =1 ifn =2N,
=0 ifn>3N.
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Choose an integer K > 4 and sufficiently large to ensure that Wy, + Wiy, +
-+ « + Wyky contains an /®-isomorph L of dimension = C - N%, where C is the
constant appearing in Lemma 2. Let v be piecewise linear on Z, such that

v, =1 if KN =n <2KN,
v,=0 ifn<(K—1)Norn>(Q2K + 1)N.

Thus x and v are disjointly supported. Denote p a projection from A onto L.
Clearly, if u : & — L is an isomorphism and #; (i = 1, 2) the projections from
A DIE y: onto the first and second component, the operator

(22) Q =(m +um)T(Zu,P,)+u'p(Ev,P,))

defines a (well)-bounded projection from A4 onto (7, + un,)(Vy) = By. The
space By and projection Q are easily seen to satisfy the conditions of Lemma
20. The constant C in Lemma 20 may be taken as 2K.

In proving Lemma 21, take N of the form N =2/. We first introduce a

subspace M of
ADWo+ -+ + W )O Wy + - - + Wy)
(23) EB(Wo'*'"'+1’1/1\1/2)63"’69I’V0

considered as subspace of

A =ADLAS)® - - - SLAS))
(24) ) * l

(j + 2) components

where @ stands for direct sum in /®-sense. Moreover, the natural orthogonal
projection from A’ onto M will be well-bounded. The idea of the following
construction has similarities with the procedure appearing in Section 3 of this
paper. Denote

Fon=Wy+ -+ Wy,
FN=W0+"'+WN,
Fyp=Wo+ -+ + Wy,

F0=W0

the different components appearing in (23). Denote further for j + k </ by
e(j, k, I) the monomial z/w* considered as element of F;(I =0, 1,2, 4,...,2N).
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When writing z/w*, we’ll think of it as element of the first component 4 of (23).
Let M be generated by the following elements:

{z2Wk|j +k =n,n>2N}

A

2!:

/2
1) ziwk +(2—1%) e(j,k,2N)|j+k=n,N<n§2N}

172
u{(%’,f 1) e(1k2N)+<2—%) e(j,k,N)|j+k=n,§<n§N}
4 12
u{(—" 1) e(;kN)+(2—4—”> (',k,§>ij+k=n,ﬁ<n§]f}
N N 2 4 2
e Bl e Benet
N N 4 8 2

(25)
Denote Q the orthogonal projection onto M. Writing Q explicitly from (25)
(similarly as in Section 3) and applying Lemma 9, one easily observes the
boundedness of Q acting on 4’.

In view of Lemma 19, each F, is contained in an /*-isomorph Z;, dim Z; ~
4 ~'N?, Z,a subspace of the corresponding L *(S,)-component in (24). Let Q, be
the restriction of Q to the subspace

(26) A”=A®ZZN®ZN@ZN/2@"'@Z(,%A@lé".m

of A’, containing M by construction. Define V as the orthogonal complement
of Min A”. Thus I’ = I — Q, is the projection from 4” onto V and is bounded
by the preceding. Since the monomials z/w* are orthogonal on M for j + k =
N, V contains Wy + W, + .- - + W), as subspace of the A-component in (26).
It is clear that Vis contained in (Wy+ « - - + Wy )D Zy® - - - © Z,. Finally,
observe that Wy+ --- + Wy as subspace of the A-component of A” is
contained in Ker Q¢.

This concludes the proof of Lemma 21 and the existence of a basis in the ball
algebra.
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